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In this paper, we have considered a 5-dimensional warped product space-time with a time-
dependent warp factor. The time-dependent warp factor plays an important role in localizing
matter to the 4-dimensional hypersurface constituting the observed universe. We then proceed to
determine the nature of modifications produced in the bulk geometry as well as the consequences on
the corresponding braneworld. The five-dimensional field equations are constructed. For the bulk
metric chosen, the Weyl tensor is found to vanish under a certain condition, thereby satisfying the
conditions of a constant curvature bulk. Consequently we have constructed the solutions to the field
equations for such a bulk and have studied its physical properties. The braneworld is described by a
flat FRW-type metric in the ordinary spatial dimension. It is found that the the effective cosmolog-
ical constant for the induced matter is a variable quantity monitored by the time-dependent warp
factor and is associated with the bending of the braneworlds. The universe is initially decelerated,
but subsequently makes a transition to an accelerated phase at later times, when its dynamics is
dominated by the dynamical dark energy component. For a particular choice of the warp factor,
it has been found that the universe is represented by a model of dark energy with the age of the
universe as the measure of length, driving the universe to a state of accelerated expansion at later
times.
I. INTRODUCTION
Theories of extra dimensions have aroused the interest of physicists ever since the works of Kaluza and Klein [1].
Although these extra dimensions might have played an important role in the evolution of the early universe, but till
now they have remained undetected in experiments at energy levels within the TeV scale. The immediate question
that one has to address then is how to explain the 4-dimensionality of the observed universe. There are theories seeking
to explain the reason for such non-observability [2]. In spite of this, extra-dimensional theories continue to attract
wide attention since these have been successfully used to solve the hierarchy problem of particle physics [3][4] and to
explain the idea that the post-inflationary epoch of our universe was preceded by the collision of D3-branes [5]. This
idea led to the so-called ’braneworld scenario’, where the ordinary standard model matter and non-gravitational fields
are confined by some trapping mechanism to the 4-dimensional universe constituting the D3-branes (4-dimensional
timelike hypersurfaces), embedded in a (4 + n)-dimensional ’bulk’ (n being the number of extra dimensions). At low
energies, gravity is confined to the brane along with particles, but at high energies gravity ”leaks” into the higher-
dimensional bulk, so that only a part of it is felt in the observed 4-dimensional universe. The strong constraints on
the size of extra dimensions as in the Kaluza-Klein models, is therefore relaxed [4], lowering the fundamental Planck
scale down to the TeV range. The main role of the extra dimensions in such theories is to provide extra degrees of
freedom on the brane.
Among the several higher-dimensional models developed over the years, the one which has turned out to be popular
for a number of reasons, is the warped braneworld model of Randall and Sundrum [6][7], with a single extra dimension.
In their model, matter fields were considered to be localized on a 4-dimensional hypersurface in a constant curvature
five-dimensional bulk furnished with mirror symmetry, with an exponential warp factor and a non-factorizable metric,
even when the fifth dimension was infinite. The field equations on the corresponding 4-dimensional universe, was
modified by the effect of the extra dimension. In their case, the warp factor was a function of the extra coordinate
and the metric for the extra-dimensional coordinate was constant. However, both of these parameters can be functions
of time and the extra coordinate. In the process, the solutions get very much complicated, and in many cases cannot
be determined without the imposition of suitable constraints.
In this paper, we have considered RS-type braneworlds with the bulk in the form of a five-dimensional warped
product space-time, having an exponential warp factor which depends both on time as well as on the extra coordinates
and a non-compact fifth dimension. We know that the exponential warp factor reflects the confining role of the bulk
cosmological constant [8] to localize gravity at the brane through the curvature of the bulk. It is, therefore, possible
that such a localization may include some time-dependence and so we make such a choice. It is then necessary to
determine the modifications produced in the bulk as well as the consequences on the corresponding braneworld. The
5-dimensional bulk is assumed to have constant curvature. Although such a bulk has limited degrees of freedom,
yet it is sufficient for us if the braneworld is of FRW-type, in which case no additional conditions are necessary to
compensate for the reduced degrees of freedom. The advantage of assuming the braneworld to be of FRW-type is
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2that it can be embedded in any constant curvature bulk including the de Sitter dS5, anti de Sitter AdS5 and the flat
Minskowski manifold [9][10]. Therefore, the braneworld considered by us is assumed to be defined by a flat FRW-type
metric in the ordinary spatial dimension.
The plan of the paper is as follows: In section II, the basic theoretical framework necessary for us, has been
discussed. This has been followed by the construction of the field equations in the next section. The energy scales
have been specified to impose constraints on the bulk geometry and subsequently the field equations are simplified.
In section IV, the solutions to the field equations are constructed for a constant curvature bulk and the effect of the
warp factor on the bulk geometry as well as on the energy conditions in the bulk has been analysed. In section V, the
evolution of the observed universe has been studied. The effect of the time-dependent warp factor in modifying the
usual dynamics of the gravitational field compared to that predicted from Einstein’s theory, has been discussed. The
vacuum energy of the corresponding braneworld is found to be a time-varying entity associated with the bending of
the braneworlds. In section VI, the cosmological implications for such a braneworld has been analysed. The summary
of the entire exercise has been presented in Section VII.
II. THEORETICAL CONSIDERATIONS
Let us consider a 5-dimensional theory with the action decomposed as [11]
S = − 1
2κ2(5)
∫
d5x
√
g¯[R¯+ 2Λ(5)] +
∫
d4x
√−g¯Lm (1)
where, g¯AB is a 5-dimensional metric of signature (+ - - - -). Here Λ(5) is the bulk cosmological constant and R¯ is
the 5-dimensional scalar curvature for the metric. The first term in (1) corresponds to the Einstein-Hilbert action in
5-dimensions. The second term represents the four-dimensional boundary action localized at y = 0, the Lagrangian
density Lm representing all contributions to the action, which are not strictly gravitational. The constant κ(5) is
related to the 5-dimensional Newton’s constant G(5) and the 5-dimensional reduced Planck mass M(5) by the relation
κ2(5) = 8piG(5) = M
−3
(5) . (2)
The bulk manifold is assumed to be a space of constant curvature K¯, so that the magnitude of the bulk Riemann
tensor is determined by the curvature radius ’l’ of the bulk manifold as follows:
R¯ABCD = K¯[g¯AC g¯BD − g¯ADg¯BC ] = 
l2
[g¯AC g¯BD − g¯ADg¯BC ]. (3)
For AdS5 geometry,  = −1, whereas for dS5,  = 1. The bulk cosmological constant is related to the curvature K¯
by the relation Λ(5) = 6K¯. The 5-dimensional field equations for such a bulk are read as [8][12]
G¯AB = −Λ(5)g¯AB + κ2(5)T¯AB (4)
where G¯AB is the 5-dimensional Einstein tensor and T¯AB represents the 5-dimensional energy-momentum tensor.
We shall consider five-dimensional warped metrics with time-dependent warp factor in the form
dS2 = e2f(t,y)
(
dt2 − bt(dr2 + r2dθ2 + r2sin2θdφ2))− h(t, y)dy2. (5)
where y is the coordinate of the fifth dimension, t denotes the conformal time, b is a constant and h(t, y) is the scale
factor representing the expansion of the orbifold, which in this case turns out to be a field parameter, called ”radion”.
We assume that the fifth dimension is non-compact and curved (i.e. warped) [8],[7]. The smooth function f is called
the ”warping function” and e2f(t,y) is the warp factor. As in the RS 1-brane models, in the present case also, gravity
is localized on the brane through the curvature of the bulk. The single brane, has positive tension, which offsets the
effect of the negative bulk cosmological constant. The bulk cosmological constant acts to squeeze the gravitational field
closer to the brane, with the exponential warp factor reflecting the confining role of the bulk cosmological constant.
We assume the warp factor to be a function of both time, as well as of the extra coordinate [13]. Mathematically,
the time dependence of the warp factor does not affect the smooth nature of the function f . Physically, it takes into
account the possibility that such a process of localization (i.e. the confining role of the bulk cosmological constant
and the curvature of the bulk) may have some dependence on time, in addition to their dependence on the extra
dimensional coordinate. The location of the hypersurface will then have an additional time-dependence together with
3a y-dependence. The y-dependence may give rise to bending effects on the hypersurface. Having considered a time-
dependent process of localization of gravity, it is now necessary to determine the nature of modifications produced in
the bulk geometry as well as the consequences on the corresponding braneworld.
For reasons already explained, we consider the hypersurface to be defined by a flat FRW-type metric in the ordinary
spatial dimension. For the chosen metric, the ordinary 4-dimensional universe resembles a spatially flat Friedmann
model with the scale factor evolving as half-power of the cosmic time and hence is in the radiative phase of evolution.
However, the induced metric has a scale factor A which evolves as a composite function of conformal time, given by
A2(η(t)) = bte2f(t,y=0), the observed universe being represented by the hypersurface y = 0. Here, η(t) ≡ ∫ dtef(t,y=0)
is the proper time of a comoving observer, when the position of the hypersurface is fixed at y = 0. The geometry of
the observed universe at the location, y = 0, will be determined by the induced metric
ds2 = gαβ(x, y = 0)dx
αdxβ = e2f0qαβ(x)dx
αdxβ , (6)
where f0 is the value of f at y = 0 and qαβ = qαβ(x) is the warp metric on the 4-dimensional hypersurface.
In the case where the brane is allowed to ”bend”, the location of the hypersurface will have some y-dependence.
Geometrically, the extrinsic curvature of the hypersurface gives us a measure of the deviation of the hypersurface
from the tangent plane and therefore such bending may produce an observable result in the form of a smooth scalar
function represented by the warp factor [14]. The extrinsic curvature is defined by
Kαβ = −1
2
£ngαβ(x
µ, y), (7)
where, xµ are the coordinates on the hypersurface and
Kαβ;γ −Kαγ;β = 0. (8)
The extrinsic curvature of this hypersurface [15],[16] is then given by Kαβ = − 12
(
∂gαβ(x,y=0)
∂y
)
. In Section IV, we
shall explore a possible relation between the extrinsic curvature of the hypersurface and vacuum energy-momentum
tensor.
From the physical point of view, in brane models, the stress tensor for a source on the brane has a vanishing
yy-component, y being the extra-dimensional coordinate. It appears that one degree of freedom, in the form of
a scalar field, decouples from the sources on the brane, thereby reproducing the ordinary massless 4-dimensional
graviton propagator. It is known that the introduction of a source term on the brane cause the brane to bend in a
frame in which the gravitational fluctuations are small [17] [18]. This bending exactly compensates for the effect of
the additional 4D scalar field contained in the 5D graviton propagator, and so we recover the ordinary 4D massless
graviton propagator in the RS model. In the present paper, we intend to study the effect of the time-dependent warp
factor on the extrinsic curvature of the brane and interpret the consequences from the physical point of view.
To illustrate our study we choose to work with a specific example for the warp factor. Let the scalar function f(t, y)
be given by the simple form
f(t, y) =
1
2
(ln τ(t) + ln Γ(y)). (9)
With this choice, the five-dimensional metric assumes the form
dS2 = τ(t)Γ(y)
(
dt2 − bt(dr2 + r2dθ2 + r2sin2θdφ2))− h(t, y)dy2. (10)
The scale factor for the induced metric is now A2 = btτ(t)eln Γ(y=0) = Cbtτ(t) where C = eln Γ(y=0) = Γ(y = 0). The
nature of the constraints on the functions τ , Γ and h will determine whether the bulk will be a de Sitter or an Anti
de Sitter one. We shall take up specific cases as we progress.
The components of the bulk stress-energy tensor are
T¯ tt = ρ¯, T¯
i
j = −P¯ , T¯ yy = −P¯y.
In theories of extra dimensions, it has been shown that the radius Ry of the extra dimensions where the gauge
interactions propagate, can be large enough [19] for the corresponding excitations to be at the reach of future acceler-
ators [20], while the string scale Mp can be lowered to the TeV range [21]. The effective strength of gravity is related
to the volume of the extra dimensions [3] [4]. In that case, the effective four-dimensional Newton’s constant GN is
inversely proportional to the total volume of the extra dimensions, which in our case, is [22]
GN ∼
κ2(5)
16piΘ
(11)
4where Θ is the physical length of the fifth dimension, given by
Θ ≡
∫ √−gyydy = ∫ h(t, y)1/2dy. (12)
Any variation in the extra-dimensional volume will show up as a variation of GN [23]
G˙N
GN
= − h˙
2h
. (13)
Consequently, for a stabilized bulk, we have
h˙ = 0, (14)
so that the scale of gravity will not show any fluctuation. For such a case, we can determine the explicit dependence
of the metric on the y coordinate.
III. FIVE-DIMENSIONAL FIELD EQUATIONS
The non-vanishing components of the five-dimensional Einstein tensor for the warped product spacetime given by
(10) are obtained as
G¯tt =
3g¯tt
4τΓ
(
1
t
(
2τ˙
τ
+
h˙
p
+
1
t
)
+
τ˙
τ
(
τ˙
τ
+
h˙
h
))
+
3g¯tt
4h
(
Γ′h′
Γh
− 2Γ
′′
Γ
)
(15)
G¯ty =
3h˙Γ′
4hΓ
(16)
G¯yy =
3g¯yy
4τΓ
(
2τ¨
τ
+
3τ˙
tτ
−
(
τ˙
τ
)2)
− 6g¯yy
4h
(
Γ′
Γ
)2
(17)
G¯ij =
g¯ij
4τΓ
(
4τ¨
τ
+
τ˙
τ
(
1
t
+
h˙
h
− 3τ˙
τ
)
+
h˙
h
(
2
t
− h˙
h
)
+
2h¨
h
− 1
t2
)
+
3g¯ij
4h
(
Γ′h′
Γh
− 2Γ
′′
Γ
)
(18)
Above, an overdot represents derivative with respect to time t and a prime stands for a derivative with respect to the
fifth coordinate y.
According to Arkani-Hamed [3][4], the standard model fields are localized within a distance m−1EW in the extra
dimension, where mEW is the electroweak scale. They acquire momentum in the extra dimension and escape from
our 4-dimensional world, carrying energy, only in sufficiently hard collisions of energy Eesc >∼ mEW . At lower energies,
particles remain confined to the 4-dimensional universe. To prevent matter or energy escaping from the brane along
the fifth dimension at low energies, we require T¯ ty = 0, which implies that G¯
t
y = 0. Therefore a non-zero G¯
t
y term
is necessary for us to be able to probe the extra dimensions. For the metric under our consideration, we find that
G¯ty 6= 0. The geometry is therefore suitable for the standard model fields to be able to access the extra dimension.
However, the energy scale necessary to ensure such an access is few hundred GeV. The energy is high enough to ensure
the production of the first KK electron-positron pair. The bulk and brane-localized radiative corrections then give
rise to the subsequent splitting of the heavy modes into the zero modes of the SM particles and the first KK photon.
In the theory proposed by Randall and Sundrum [6][7], with only one additional dimension, the hierarchy between
the fundamental five-dimensional Planck scale and the compactification scale was only of order 10. Consequently, the
excitation scale was of the order of a TeV, there was no light KK mode and the other KK modes were expected to be
detected at high energy colliders.
In the higher-dimensional theories with large extra dimensions, it has been proved that the higher-dimensional
gauge invariance protects the Higgs mass from quadratic divergences at the quantum level and one-loop radiative
corrections to the Higgs mass are finite (ultraviolet insensitive) and of the order of the inverse of the radius Ry of
5the extra dimensions [24]. All of them are based upon introducing a symmetry at an intermediate scale M0 between
the electroweak scale Mweak and the Standard Model cutoff (string scale Mp ) such that quadratic divergences are
canceled at scales µ > M0. In this way quadratic divergences survive only for scales smaller than M0 and radiative
corrections to the Higgs mass are ∼ M0. For scales µ < 1/Ry, the theory is four-dimensional and it is not protected
from quadratic divergences, while for µ > 1/Ry the theory is higher-dimensional and the gauge invariance protects
the Higgs mass from quadratic divergences. In both cases, for the mechanism to be effective, the scale M0 has to
be stabilized and should be not much higher than the electroweak scale. Determining the radius Ry implies that we
are considering the gravitational sector of the theory involving the radion field. The corresponding mathematics is
extremely complicated and it is often assumed that the radius has been fixed and stabilized by some mechanism [25].
To describe gravity at lower energy scales, we need G¯ty = 0. For the metric under our consideration, that is possible
if, either h remains constant over time or Γ remains constant over the entire span of the extra-dimension. Since the
second possibility contradicts our assumption, we assume the first one to be true (i.e. h˙ = 0, and we can consider
h = h(y) in effect) in the deductions that now follows. A quick look at equation (13) then reveals that, in such a
case, the effective four-dimensional Newton’s constant becomes fixed for our model, i.e. we are then dealing with a
stabilized bulk.
Thus the field equations get simplified to the form
3
4τΓ
(
2τ˙
tτ
+
1
t2
+
(
τ˙
τ
)2)
+
3
4h
(
Γ′h′
Γh
− 2Γ
′′
Γ
)
= −Λ(5) + 8piG(5)ρ¯, (19)
1
4τΓ
(
4τ¨
τ
+
τ˙
τ
(
1
t
− 3τ˙
τ
)
− 1
t2
)
+
3
4h
(
Γ′h′
Γh
− 2Γ
′′
Γ
)
= −Λ(5) − 8piG(5)P¯ , (20)
and
3
4τΓ
(
2τ¨
τ
+
3τ˙
tτ
−
(
τ˙
τ
)2)
− 6
4h
(
Γ′
Γ
)2
= −Λ(5) − 8piG(5)P¯y. (21)
In the calculations that now follow, we shall assume 8piG(5) = 1. From (19) and (20), we find that
ρ¯+ 3P¯ =
3
4τΓ
(
−4τ¨
τ
+
2
t2
+
(
2τ˙
τ
)2
+
τ˙
tτ
)
− 6
4h
(
Γ′h′
Γh
− 2Γ
′′
Γ
)
− 2Λ(5) (22)
and from (19)-(21) we get
ρ¯+ 3P¯ + P¯y =
3
4τΓ
(
2
t2
+ 5
(
τ˙
τ
)2
− 2τ˙
tτ
− 6τ¨
τ
)
− 6
4h
(
Γ′h′
Γh
− 2Γ
′′
Γ
−
(
Γ′
Γ
)2)
− 3Λ(5) (23)
From the above it is evident that the validity of the strong energy condition in the bulk will be governed by the
nature of warping, as well as by the effect of the extra dimension. However, the situation is too complicated at present
for us to specify the nature of the constraints. The exact nature of these constraints can be determined only after
some more analysis, which we consider in the next section.
IV. SOLUTIONS FOR THE CASE WHERE THE WEYL TENSOR FOR THE SPACE-TIME VANISHES
Let us consider the five-dimensional bulk to be a space of constant curvature. We know that space-time metrics of
constant curvature are locally characterized by the condition that the corresponding Weyl tensor vanishes [26]. The
interesting feature of the metric given by equation (10) is the symmetric nature of all the components of its Weyl
tensor. The non-zero components are of the form
CABAB =
1
24
g¯BBF (t)
τΓ
, for A = t; B = r, θ, φ
or A = r, θ, φ; B = y
6CABBA =
1
8
g¯BBF (t)
τΓ
, if A = y;B = t
=
1
24
g¯BBF (t)
τΓ
, if A = θ;B = r or A = φ;B = θ
and similarly for all the other components, where
F (t) =
1
t2τ2
(−2t2τ τ¨ + tτ τ˙ + 3t2τ˙2 + 2τ2). (24)
In general, we can write
CABAB = constant×
(
g¯AAg¯BBF (t)
τΓ
)
, (25)
where, only the constant factor varies for the different components. Thus, for the case F (t) = 0, the Weyl tensor for
this space-time metric will vanish, thereby satisfying the condition for a constant curvature bulk. If we now impose
the condition of isotropic pressure P¯ = P¯y, we get the result
1
τ
((
1
t
+
τ˙
τ
)2
+
τ˙
tτ
)
− 1
h
(
Γ′
(
2Γ′
Γ
+
h′
h
)
− 2Γ′′
)
= 0. (26)
Since the τ is a function of time and h is a function of the fifth coordinate, the equation (26) will be satisfied if the
coefficient of 1/τ and 1/h vanish separately.
The coefficient of 1/h will vanish when
h =
(
1
Γ
∂Γ
∂y
)2
, (27)
which implies that
ln Γ(y) =
∫
h(y)1/2dy. (28)
Thus h is related to the y-dependent part of the warp factor. In view of equations (11) and (12), it follows that the
effective four-dimensional Newton’s constant GN depends on the effect of the extra dimension, i.e. the localization of
gravity is determined by the effect of the extra dimension. If we now consider the solution
Γ(y) = e2l ln(cosh(cy)), (29)
then we obtain the extra-dimensional scale factor in the form
h1/2 = 2lc tanh(cy). (30)
From equation (26), to have a vanishing coefficient for 1/τ we need either τ to be negative or τ˙ to be so. Since
the product τΓ is positive and Γ itself is also positive, τ must be positive in such a way that τ˙ is negative. In that
case, the ratio τ˙ /τ is negative, which may either be a constant or a function of time. For the case when this ratio is
a negative constant, we obtain the solution
τ =
1
C1
e−αt, (31)
α being a positive proportionality constant, C1 is a constant of integration, which can be set equal to unity. At
sufficiently late time, the universe must eventually accelerate. The acceleration is explained on the basis of the effect
of a back reaction of the 5-dimensional warped geometry on the 3-brane [14].
At higher energies, we have particles escaping into the extra dimension, in which case h = h(t, y), and we ob-
tain a correlation between the extra-dimensional scale factor and both the time-dependent and the extra-dimension
dependent parts of the warp factor. However, currently we confine to the low energy considerations.
7Now, combining (19) and (20), we get
ρ¯+ P¯ =
3τ˙
4tτ2Γ
. (32)
Since both τ and Γ are positive and τ˙ is negative, the bulk matter will not obey the weak energy condition [27].
This means that the matter in the bulk will be in the form of exotic matter. For the case of (31), the last equation
will reduce to the form
ρ¯+ P¯ = − 3α
4tτΓ
. (33)
Further, we get
ρ¯+ 3P¯ + P¯y =
9
2h
(
Γ′
Γ
)2
− 3Λ(5) − 21α
4tτΓ
, (34)
fixing the condition for the strong energy condition to hold in the bulk.
V. EVOLUTION OF THE INDUCED UNIVERSE
The induced metric is given by
ds2 = τ(t)Γ(y)
(
dt2 − btdr2 − btr2dθ2 − btr2sin2θdφ2) = τ(t)Γ(y)hαβ(x)dxαdxβ . (35)
We find that the Weyl tensor for this metric is identically zero. The Ricciscalar turns out to be
R = − 3
2tτ3Γ
(2tτ τ¨ + 3τ τ˙ − t(τ˙)2). (36)
The expression for R shows that the sign of R is not positive definite. Since τ is positive and τ˙ is negative, the last
two terms in the above expression will be negative. Therefore, the sign of τ¨ and the magnitude of the first term will
be crucial in determining the sign of R. The induced geometry will be a de Sitter one when R is positive and Anti de
Sitter when R is negative [26].
The components of the extrinsic curvature for the hypersurface defined by (35) are obtained as
Ktt = − 12τΓ′,
Krr =
1
2τΓ
′bt,
Kθθ =
1
2τΓ
′btr2
and
Kφφ =
1
2τΓ
′btr2 sin2 θ
where, as mentioned earlier, prime denotes partial differentiation with respect to y. It is evident that the extrinsic
curvature of this hypersurface is governed by the time-dependent warp factor. In compact form, we can write
Kµν = −1
2
Γ′
Γ
gµν . (37)
Since gµν is diagonal, therefore, Kµν also turns out to be diagonal. The time-dependent part of the warp factor is
contained within gµν .
The equations of motion for this braneworld embedded in a five-dimensional constant curvature bulk, can be derived
directly from the Gauss and Codazzi equations for the conditions of integrability of the embedding geometry. The
result is basically the Einstein field equations, modified by the presence of the extra term due to the extrinsic curvature
as obtained by [9],[10] and is given by
Rµν − 1
2
Rgµν + λgµν = −8piGTµν +Qµν , (38)
where, λ denotes the effective cosmological constant in 4-dimension, including the vacuum energy.
The components of the 4-dimensional energy-momentum tensor are given by
8T tt = ρ, and T
i
j = −p.
For (38) to be valid, we must have
Qµν;ν = 0. (39)
Together with the conservation of Tµν , whatever is the influence of this term Qµν on the evolution of the brane, it
turns out to be energetically uncoupled from the other components of the universe. The last term in equation (38) is
the contribution of the extrinsic curvature and is therefore purely geometrical, being given as
Qµν = g
ρσKµρKνσ − ξKµν − 1
2
(K2 − ξ2)gµν = KσµKνσ − ξKµν −
1
2
(K2 − ξ2)gµν , (40)
where ξ = gµνKµν denotes the mean curvature and K
2 = KµνKµν is the Gaussian curvature of the braneworld.
Since Qµν also depends on gµν , it is also affected by the warp factor. Moreover, Qµν does not necessarily vanish, even
when the bulk is flat. Therefore, it effectively modifies the usual dynamics of the gravitational field compared to that
predicted from Einstein’s theory. Since the effective cosmological constant depends on the scalar curvature of the bulk
metric as well as (ξ2−K2) [9] [10], hence the dynamics of the space-time should respond to the vacuum energy. For a
constant curvature bulk, only the extrinsic curvature of the space-time corresponds to the vacuum energy. Thus, for
the hypersurface under consideration, with the time-dependent nature of the extrinsic curvature, the vacuum energy
is also a time-dependent entity. Therefore, as a consequence of considering a time-dependent warp factor for such
warped product space-times, the vacuum energy of the corresponding braneworld turns out to be a time-dependent
entity associated with the time-dependent process of bending of the braneworlds. Such braneworlds are characterized
by the presence of a dark energy component.
In the remaining analysis, we assume that the sources on the brane is in the form of a perfect fluid satisfying a
linear equation of state. Since we are in the low energy regime, we can neglect the contribution of the hot, relativistic
matter called radiation and assume the matter content to be dominated by the cold, non-relativistic pressure-free
matter, called dust (modelling for instance, the galactic fluid) and vacuum energy.
Equations (35) and (37) lead us to the result
ξ = −2
(
Γ′
Γ
)
and K2 =
(
Γ′
Γ
)2
.
Thus both the Gaussian curvature and mean curvature of the hypersurface are constant for the y = 0 hypersurface.
Together with this, we get
Qµν =
3
4
(
Γ′
Γ
)2
gµν . (41)
The two non-trivial field equations are
− 3
4τΓ
{(
τ˙
τ
)2
+
2τ˙
tτ
+
1
t2
}
+ λ = −8piGNρ+ 3
4
(
Γ′
Γ
)2
(42)
and
− 1
4τΓ
{
4τ¨
τ
+
4τ˙
tτ
− 1
t2
− 3τ˙
2
τ2
}
+ λ = 8piGNp+
3
4
(
Γ′
Γ
)2
. (43)
The parameters ρ and p in the equations (42) and (43) are the total energy density and the total pressure of ordinary
matter. The effective energy density ρeff of induced matter on the brane as obtained from (42) is given by
ρeff = ρ+ λ− 3
4
(
Γ′
Γ
)2
= ρ+ λ′, (44)
where, we have assumed that
8piGN = 1 and λ
′ = λ− 34
(
Γ′
Γ
)2
.
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3
4τΓ
{(
τ˙
τ
)2
+
2τ˙
tτ
+
1
t2
}
= ρeff . (45)
From (43), we get the effective pressure of the induced matter as
peff = p− λ+ 3
4
(
Γ′
Γ
)2
= p− λ′, (46)
so that
1
4τΓ
{
1
t2
+
3τ˙2
τ2
− 4τ˙
tτ
− 4τ¨
τ
}
= peff . (47)
Combining (44) and (46), we obtain
ρeff + peff = ρ+ p (48)
and
ρeff + 3peff = ρ+ 3p− 2λ′. (49)
For the case of dust, we get
λ =
1
4τΓ
(
4τ¨
τ
+
4τ˙
tτ
− 1
t2
− 3τ˙
2
τ2
)
+
3
4
(
Γ′
Γ
)2
, (50)
which shows that the effective cosmological constant for the induced matter is a variable quantity, monitored by the
warp factor. Consequently, it evolves with time and also depends on the effect of the extra dimension.
Thus, the usual four-dimensional Friedmann equation relating the expansion rate H of our universe with the energy
density will get modified by the presence of the extra geometric term arising from the effect of warping. Although,
in general, it is not necessary for the energy density on the brane to evolve as the square of the Hubble parameter,
but with the induced metric in hand, we find that the evolution closely follows the standard predictions. In fact, the
parameters may be suitably chosen so as to match well with the observations. From the expression of the scale factor,
A2(η(t)) = Cbtτ(t) where C = Γ(y = 0), we obtain the Hubble parameter for the induced metric as
H =
(τ + tτ˙)
2tτ
. (51)
Thus we have
ρ =
3H2
τΓ
+
3
4
(
Γ′
Γ
)2
− λ. (52)
The last equation is very significant in the sense that when the warp factor is reduced to a constant, it resembles the
usual results of standard cosmology. We also find that the expansion rate is not only determined by the ordinary
matter on the brane, but also by the effect of the extra dimension. From (52) we get
ρ
3H2
+
λ
3H2
− 3
12H2
(
Γ′
Γ
)2
=
1
τΓ
, (53)
which is indeed the equation involving the density parameters of the various components in the universe. It is evident
that the standard equation gets modified by the effect of the warp factor and the extra dimensional scale factor,
contributing an additional geometric term to the total density parameter. When the induced universe will represent
the observed universe, the sum of all such components of the density parameter should be equal to unity, thereby
setting the constraint on the relation between τ and Γ.
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VI. COSMOLOGICAL CONSEQUENCES
From (48), it is evident that if ordinary matter obeys the weak energy condition (WEC), i.e.
ρ+ p ≥ 0,
then the induced matter on the brane will also do the same, since in that case,
ρeff + peff ≥ 0.
Hence, both may be represented by a quintessence field. Further, to have ρeff > 0, we must have
ρ+ λeff > 0, (54)
thereby setting a restriction on the value of λeff . For physically possible matter fields, ρ > 0, but unless λeff satisfies
appropriate conditions, we cannot have ρeff > 0. Moreover, even when ρeff > 0, we may have peff < 0. In that
case, assuming that the ordinary matter is represented by an equation of state of the form p = wρ, we obtain from
(46),
wρ− λeff < 0. (55)
From (54) and (55), we obtain the following restriction on the value of ρ:
− λeff < ρ < λeff
w
, (56)
for which the induced matter will experience negative pressure. Therefore, we conclude that, unless we have the
ordinary matter as a phantom field, we cannot have the induced matter behaving as a phantom field, i.e. the behavior
of the induced matter on the brane follows the behavior of the ordinary matter in the higher dimensional scenario
in this case. The induced matter will be described by a negative pressure quintessence field provided ρ satisfies the
condition (56).
A careful examination of equation (49) reveals the following facts:
• Status of energy conditions:Although ordinary matter in the higher-dimensional scenario may obey the
strong energy condition (SEC), but that does not mean that the effective induced matter on the brane will
also obey the SEC, unless appropriate conditions are satisfied by λeff . Hence for some value of λ and Γ, the
induced matter on the brane may violate the SEC on the brane and behave as dark energy, although ordinary
matter in the higher dimensional scenario will not behave as such. Such a thing will happen if ρ+ 3p ≥ 0, but
ρ+3p < 2λeff i.e., ρ+3p < 2
[
λ+ 34
(
Γ′
Γ
)2]
, so that ρeff +3peff < 0. Since λ is a variable quantity, monitored
by the warp factor, the status of the energy conditions also depend on the effect of the warp factor. It must
be noted here, that this strange behavior of the induced matter is basically a consequence of the embedding
scheme.
• Deceleration parameter:We know that for the Friedmann models, the two field equations together produce
the result
R¨
R =
λ
3 − 16 (ρ+ 3p).
The deceleration parameter is given by
q = − R¨RH2 .
Therefore,
q = 16H2 (ρ+ 3p)− λ3H2 .
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This means that, even if ρ+ 3p > 0, q may not be positive because that will also depend on the contribution of
the cosmological term, and accordingly there may be either acceleration or deceleration. However, if ρ+ 3p < 0,
then q < 0 and the universe will exhibit acceleration. From the point of view of the induced matter on the
brane, the induced matter will exhibit acceleration even when the matter in the higher-dimensional bulk may
not exhibit acceleration.
The explicit form of the deceleration parameter for the induced metric is given by
q = −1− H˙
H2
= −1− 2(t
2τ3τ¨ + t2τ˙2 − τ4)
(τ2 + tτ τ˙)2
. (57)
From equation (51), we can say that initially, when t was small, H had a large value. That was the time before
structure formation. But at later times, H will decrease, because τ decreases with time. Finally, the evolution
of the universe is dictated by the effect of the time-dependent warp factor, when the dynamics is dominated
by the dark energy. Analyzing the nature of q we can say that we shall have a universe which will be initially
decelerated but will subsequently make a transition to an accelerated phase.
Therefore, the energy conditions as well as the behavior of the deceleration parameter depends strongly on the time-
dependence of the warp factor and hence the dynamics of dark energy is also determined by it. The expression for
the red-shift parameter Z is obtained as
Z = 1 + z =
(
t0τ0
tτ
)1/2
, (58)
where z is the standard redshift and the suffix ’0’ indicates the present values.
We note that the time-dependence of the scale factor is modified compared to the Friedman cosmology. Hence there
may be alterations in the nucleosynthesis and structure formation in the present model, thereby modifying the age
of the universe. However, one point in favour of this model is that the evolution of the energy density is of the order
of the square of the Hubble parameter. Hence, we do not expect any significant departure from the standard results.
Exact estimates can only be made in specific cases, one such being considered in the sequel.
A. A Special Case
Let us consider the case for which τ(t) = e2at with α = −2a in (27) and Γ(y) = e2l ln(cosh(cy)) [13]. In this case, the
scale factor has a form suitable for representing the accelerated expansion at later times. The two field equations are
now
− 3
4e2(at+l ln(cosh(cy)))
{
4a2 +
4a
t
+
1
t2
}
+ λ = −8piGρ
c2
+
3
4
c2 tanh2(cy) (59)
and
− 1
4e2(at+l ln(cosh(cy)))
{
4a2 +
8a
t
− 1
t2
}
+ λ =
8piGp
c4
+
3
4
c2 tanh2(cy), (60)
thereby yielding λeff = λ− 34c2 tanh2(cy). For the y = 0 hypersurface, we have λeff = λ. The equation of state for
the energy density is
w = −1
3
− 4at− 2
4a2t2 + 4at+ 1
. (61)
From (61) we find that the universe will have a variable equation of state parameter w. At later times we shall have
w < −1/3, which is necessary for cosmic acceleration. Only for small values of t, for which 4at  2, w may have
positive values. The variation of the equation of state parameter with the conformal time is shown in Fig. 1. The
value of w will fall from about 5/3 in the very early universe around t ∼ 0, through the radiative phase (for which
w = 1/3), down to zero (dust-dominated phase) and then to negative values (vacuum energy dominated phase),
crossing the mark of −1/3. It will decrease further and then rise slightly, attaining a nearly constant magnitude,
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FIG. 1: Diagram showing evolution of w with conformal time t with the sample value of a = 1. The diagram indicates that
there is a transition from a decelerated phase to an accelerated phase.
suitable to sustain acceleration till very late in its evolutionary phase. At the present time when t = t0 = 1, w is
surely < −1/3, indicating that in this model, the universe at present is in a state of accelerated expansion. However,
w does not reach the value −1, showing that the universe will not behave as a phantom field for this particular case
even at late times.
The scale factor is a composite function A2 = bte2(at+l), where a power law type of variation is coupled with an
exponential one. Thus at later times, the evolution will be dictated primarily by the exponential factor, modified by a
half-power factor of conformal time, thereby determining the rate of formation of galaxies and the age of the universe.
The Hubble parameter and the deceleration parameter are now given by
H =
1 + 2at
2t
(62)
and
q = −1 + 2
(1 + 2at)2
. (63)
Thus, during the initial stage of evolution of the universe, i.e. at small values of t, the hubble parameter has a
large magnitude. However, at later times, when the dynamics is dominated by dark energy, H will decrease and
gradually settle down to a fixed value ’a’, which is the coefficient in the power of the time-dependent warp factor. The
magnitude of ’a’ can be suitably chosen to fit with observational evidences. From (63) we find that for acceleration,
we must have
at > 0.212.
Fig. 2 shows a plot of q, which indicates this result. The redshift parameter Z is now
Z =
(
t0
t
)1/2
ea(t0−t). (64)
The variation of redshift with the conformal time t is indicated in Fig. 3 with t0 = 1 representing the present time.
The conformal age of the universe is given by
t =
∫
dt
(bt)1/2e(at+l)
. (65)
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FIG. 2: Diagram showing evolution of q with conformal time t with the sample value of a = 1. The transition from decelerated
phase to the accelerated phase is clearly evident.
FIG. 3: Diagram showing evolution of Z with time with the sample value of a = 1 and t0 = 1.
1. A model of dark energy measured by the age of the universe
Writing down the metric in (27) in terms of the cosmic time η(t), with for the y = 0 hypersurface we have
ds2 = dη2 − a2η2 b
a
ln(aη)(dr2 + r2dθ2 + r2sin2θdφ2). (66)
Defining aη = η′, we obtain the above metric in the form
ds2 =
1
a2
(dη′)2 − (η′)2 b
a
ln η′(dr2 + r2dθ2 + r2sin2θdφ2). (67)
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The expansion parameter is now
A2(η′) = (η′)2
b
a
ln η′ (68)
and the Hubble parameter is
H =
2 ln η′ + 1
η′ ln η′
. (69)
The components of the Einstein tensor are now
Gη
′
η′ =
3a2(4 ln(η′)2 + 4 ln η′ + 1)
4(η′)2 ln(η′)2
(70)
and
Gij =
a2(4 ln(η′)2 + 8 ln η′ − 1)
4(η′)2 ln(η′)2
. (71)
In view of (69), we can write (70) as
Gη
′
η′ =
3a2H2
4
. (72)
In other words,
H2 =
4Gη
′
η′
3a2
, (73)
and the corresponding field equation is
3a2H2
4
= ρ+ λ = ρ+ ρλ. (74)
In this context, we note that recently Cai [28] proposed a model of dark energy, in which the energy density of
quantum fluctuations in the universe was interpreted as the dark energy present in our universe. The energy density
for the quantum field was given as
ρq = ρλ =
3n2m2p
T 2
, (75)
where T is the age of the universe, mp is the reduced Planck mass and n is a numerical factor of order one, so as
to match with observational data. Particularly, the energy density could drive the universe to accelerated expansion
if n > 1. The energy density (75) with the current age of the universe, T ∼ 1/H0 (where H0 is the current Hubble
parameter of the universe), gave a fairly accurate estimate of the observed dark energy density. In that case, the
Friedman equation for a flat FRW universe with dust matter coupled with the quantum field was
3m2pH
2 = ρ+ ρλ. (76)
We see that equations (74) and (76) are very much similar. Thus we can conclude that the present model represents
a model of dark energy with the age of the universe as the measure of length, driving the universe to a state of
accelerated expansion at later times.
The cosmic age of the universe can be calculated from
T =
∫
dA(η′)
H(η′)A(η′)
. (77)
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VII. SUMMARY AND CONCLUSIONS
This paper deals with a five-dimensional warp product space-time having time-dependent warp factor and a non-
compact fifth dimension. We know that the warp factor reflects the confining role of the bulk cosmological constant
to localize gravity at the brane through the curvature of the bulk. This process of localization may include some time-
dependence. Hence we have considered a warp factor which depends both on time as well as on the extra coordinate.
The extra dimensional scale factor is also a function of time and of the extra coordinate. Consequently, the field
equations became very complicated. To simplify our analysis, the solutions were sought in the low energy regime
(within the TeV scale), for which the geometry was found to represent a stabilized bulk. Further we assumed the
bulk to be a space of constant curvature and the warp factor in the product form: a function of time and a function
of the extra-dimensional coordinate y. The braneworld was defined by a flat FRW-type metric in the ordinary spatial
dimension. The solutions for such a bulk, with isotropic pressure, was obtained. We have found that the y-dependent
part of the warp factor depends on the metric coefficient of the extra dimension. The matter in the bulk is in the
exotic form, which violates the strong energy condition.
For the induced metric, the extrinsic curvature was found to be governed by the time-dependent warp factor. We
have obtained the brane field equations in the usual Einstein form with one extra term in the matter component. This
extra matter term however, depends on the geometric quantities, namely the extrinsic curvature, the mean curvature
and the metric coefficients. Thus the effective cosmological constant on the brane is a variable quantity, monitored
by the warp factor, leading to a geometric interpretation of dark energy. Although the standard equation for the
density parameter is modified by the effect of the warp factor and the extra dimensional scale factor, in spite of that,
the evolution closely follows the standard predictions. The effective matter on the brane is related to the ordinary
matter as follows: If the ordinary matter satisfies (violates) the weak energy condition, then the effective matter
also does so, but for strong energy condition, the situation may not be identical. Depending on the warp factor, the
effective matter may violate the strong energy condition but the ordinary matter obeys it. Finally, we have presented
a cosmological solution as an example. Here the universe possesses a variable equation of state parameter, driving it
through the radiative phase and the matter dominated phase, finally into the vacuum energy dominated phase. The
evolution in terms of cosmic time represents a model of dark energy with the age of the universe as the measure of
lengthdriving the universe to a state of accelerated expansion at later times.
In this paper, we have worked with a simple type of time-dependent warp factor. The consequences for a more
generalized type of such a warp factor are being determined, which will be reported in a future work.
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